The convergence of three-step fixed point iterative processes for generalized multivalued nonexpansive mapping was considered in this paper. Under some different conditions, the sequences of three-step fixed point iterates strongly or weakly converge to a fixed point of the generalized multivalued nonexpansive mapping. Our results extend and improve some recent results.
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A point x is called a fixed point of T if x ∈ Tx. Since Banach's Contraction Mapping Principle was extended nicely to multivalued mappings by Nadler in 1969 see 1 , many authors have studied the fixed point theory for multivalued mappings e.g., see 2 . For single-valued nonexpansive mappings, Mann 3 and Ishikawa 4 , respectively, introduced a new iteration procedure for approximating its fixed point in a Banach space as follows:
x n 1 1 − α n x n α n Tx n ,
x n 1 1 − α n x n α n y n , y n 1 − b n x n b n Tx n , 1.3 where {α n } and {b n } are sequences in 0, 1 . Obviously, Mann iteration is a special case of Ishikawa iteration. Recently Song and Wang in 5, 6 introduce the following algorithms for multivalued nonexpansive mapping:
x n 1 1 − α n x n α n s n , 1.4 where s n ∈ Tx n , γ n ∈ 0, ∞ such that lim n → ∞ γ n 0 and s n 1 − s n ≤ H Tx n 1 , Tx n γ n ,
x n 1 1 − α n x n α n r n , y n 1 − b n x n b n s n , 1.5
where s n − r n ≤ H Tx n , Ty n γ n and s n 1 − r n ≤ H Tx n 1 , Ty n γ n for s n ∈ Tx n and r n ∈ Ty n . They show some strong convergence results of the above iterates for multivalued nonexpansive mapping T under some appropriate conditions. However, the iteration scheme constructed by Song and Wang involves the following estimates, s n − r n ≤ H Tx n , Ty n γ n , s n 1 − r n ≤ H Tx n 1 , Ty n γ n , 1.6
which are not easy to be computed and the scheme is more time consuming. It is observed that Song and Wang 6 did not use the above estimates in their proofs and the assumption on T , namely, T p {p} for any p ∈ F T is quite strong. It is noted that the domain of T is compact, which is a strong condition. The aim of this paper is to construct an three iteration scheme for a generalized multivalued mappings, which removes the restriction of T , namely, T p {p} for any p ∈ F T and also relax compactness of the domain of T . The generalized multivalued mappings was introduced in 7 , if
where d is induced by the norm. Obviously, the condition is weaker than nonexpansiveness and stronger than quasinonexpansiveness, furthermore, there are some examples of a generalized nonexpansive multivalued mapping which is not a nonexpansive multivalued mapping see 7, 8 .
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Let T : K → P K be a generalized nonexpansive multivalued mapping and P T x {y ∈ T x : x − y d x, T x }. The three-step mean multivalued iterative scheme is defined by x 0 ∈ K, z n 1 − a n x n a n s n , y n 1 − b n − c n x n b n t n c n s n , x n 1 1 − α n − β n − γ n x n α n r n β n t n γ n s n ,
where {a n }, {b n }, {c n }, {b n c n }, {α n }, {β n }, {γ n }, and {α n β n γ n } are appropriate sequence in 0, 1 , furthermore s n ∈ P T x n , t n ∈ P T z n , r n ∈ P T y n . If a n c n β n γ n ≡ 0 or a n b n c n β n γ n ≡ 0, then iterative scheme 1.8 reduces to the Ishikawa and Mann multivalued iterative scheme. In fact let γ n ≡ 0 or c n β n γ n ≡ 0 or b n c n α n γ n ≡ 0, we also have the other three algorithms.
The mapping T : K → CB K is called hemicompact if, for any sequence x n in K such that d x n , T x n → 0 as n → ∞, there exists a subsequence x n k of x n such that x n k → p ∈ K. We note that if K is compact, then every multivalued mapping T : K → CB K is hemicompact. The following definition was introduced in 9 .
where F T / ∅ is the fixed point set of the multivalued mapping T . From now on, F T stands for the fixed point set of the multivalued mapping T .
Preliminaries
A Banach space X is said to be satisfy Opial's condition 10 if, for any sequence {x n } in X, x n x n → ∞ implies the following inequality:
for all y ∈ X with y / x. It is known that Hilbert spaces and l p 1 < p < ∞ have the Opial's condition.
Lemma 2.1 see 7, 11 . Let {x n }, {y n }, and {z n } be sequence in uniformly convex Banach space X. Suppose that {α n }, {β n }, and {γ n } are sequence in 0, 1 with α n β n γ n 1, lim sup n x n ≤ d, lim sup n y n ≤ d, lim sup n z n ≤ d, and lim n α n x n β n y n γ n z n d. If lim inf n α n > 0 and lim inf n β n > 0, then lim n x n − y n 0.
4
Journal of Applied Mathematics Lemma 2.2 see 7, 11 . Let X be a uniformly convex Banach space and B r : {x ∈ X : x ≤ r}, r > 0. Then there exists a continuous strictly increasing convex function g : 0, ∞ → 0, ∞ with g 0 0 such that λx μy ξz ϑω
for all x, y, z, ω ∈ B r and λ, μ, ξ, ϑ ∈ 0, 1 with λ μ ξ ϑ 1.
Main Results
Lemma 3.1. Let X be a real Banach space and K be a nonempty convex subset of X, T : K → P K be a generalized multivalued nonexpansive mapping with F T / ∅ such that P T is nonexpansive. Let {x n } be a sequence in K defined by 1.8 , then one has the following conclusion:
lim n x n − p exists for any p ∈ F T .
3.1
Proof. Let p ∈ F T , then p ∈ P T p {p}. Since T is quasi-nonexpansive, thus we obtain z n − p ≤ 1 − a n x n − p a n s n − p ≤ 1 − a n x n − p a n d s n , P T p ≤ 1 − a n x n − p a n H P T x n , P T p ≤ 1 − a n x n − p a n x n − p ≤ x n − p , 3.2 similarly y n − p ≤ x n − p , then we have x n 1 − p ≤ 1 − α n − β n − γ n x n − p α n r n − p β n t n − p γ n s n − p ≤ 1 − α n − β n − γ n x n − p α n H P T y n , P T p β n H P T z n , P T p γ n H P T x n , P T p ≤ x n − p .
3.3
Then { x n − p } is a decreasing sequence and hence lim n x n − p exists for any p ∈ F T .
Lemma 3.2.
Let X be a uniformly convex Banach space and K be a nonempty convex subset of X, T : K → P K be a generalized multivalued nonexpansive mapping with F T / ∅ such that P T is nonexpansive. Let {x n } be a sequence in K defined by 1.8 , if the coefficient satisfy one of the following control conditions:
i lim inf n α n > 0 and one of the following holds:
a lim sup n α n β n γ n < 1 and lim sup n b n c n < 1, Journal of Applied Mathematics 5 b 0 < lim inf n β n ≤ lim sup n α n β n γ n < 1 and lim sup n c n < 1, c 0 < lim inf n b n ≤ lim sup n b n c n < 1 and lim sup n a n < 1, d 0 < lim inf n c n ≤ lim sup n b n c n < 1;
ii 0 < lim inf n β n ≤ lim sup n α n β n γ n < 1 and lim sup n a n < 1;
iii 0 < lim inf n γ n ≤ lim sup n α n β n γ n < 1;
iv 0 < lim inf n α n b n β n and 0 < lim inf n a n ≤ lim sup n a n < 1;
then we have lim n d x n , Tx n 0.
Proof. By Lemma 3.1, we know that lim n x n − p exists for any p ∈ F T , then it follows that {s n − p}, {t n − p}, and {r n − p} are all bounded. We may assume that these sequences belong to B r where r > 0. Note that p ∈ P T p {p} for any fixed point p ∈ F T and T is quasinonexpansive. By Lemma 2.2, we get z n − p 2 ≤ 1 − a n x n − p 2 a n s n − p 2 ≤ 1 − a n x n − p 2 a n H P T x n , P T p
and therefore we have
1 − α n − β n − γ n α n g x n − r n β n g x n − t n γ n g x n − s n ≤ 1 − α n − β n − γ n x n − p 2 α n H P T y n , P T p 2 β n H P T z n , P T p 2 γ n H P T x n , P T p 2 − 1 3 1 − α n − β n − γ n α n g x n − r n β n g x n − t n γ n g x n − s n 6 Journal of Applied Mathematics
× α n g x n − r n β n g x n − t n γ n g x n − s n .
3.5
Then
Since lim n x n − p exists for any p ∈ F T , it follows from 3.6 that lim n 1 − α n − β n − γ n α n g x n − r n 0. From g is continuous strictly increasing with g 0 0 and 0 < lim inf n α n ≤ lim sup n α n β n γ n < 1, then lim n x n − r n 0.
3.10
Using a similarly method together with inequalities 3.7 and 0 < lim inf n β n ≤ lim sup n α n β n γ n < 1, then lim n x n − t n 0.
3.11
Similarly, from 3.8 and 0 < lim inf n γ n ≤ lim sup n α n β n γ n < 1, we have lim n x n − s n 0, since s n ∈ Tx n , then 0 ≤ lim n d x n , Tx n ≤ lim n x n − s n 0, thus we get iii . In the sequence we prove i a . From iterative scheme 1.8 , we have s n − x n ≤ s n − r n r n − x n ≤ H P T x n , P T y n r n − x n ≤ x n − y n r n − x n ≤ b n x n − t n c n x n − s n r n − x n .
3.12
To show that lim n x n − s n 0, it suffices to show that there exist a subsequence {n j } of {n} such that lim n j x n j − s n j 0. If lim inf j b n j > 0, it follows from 3.9 that α n j 1 − b n j − c n j b n j g t n j − x n j ≤ 3 x n j − p 2 − x n j 1 − p 2 .
3.13
Since lim n x n − p exists for any p ∈ F T , we have lim n j α n j 1 − b n j − c n j b n j g t n j − x n j 0.
3.14
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From g is continuous strictly increasing with g 0 0, lim inf j α n j > 0 and 0 < lim inf n j b n j ≤ lim sup n j b n j c n j < 1, we have lim n j t n j − x n j 0.
3.15
This together with 3.10 , 3.12 , 3.15 gives lim j 1 − c n j s n j − x n j 0.
3.16
Since lim inf n j 1 − c n j 1 − lim sup n j c n j > 0, we have lim j s n j − x n j 0. On the other hand, if lim inf j b n j 0, then we may extract a subsequence {b n k } of {b n j } so that lim k b n k 0. This together with i a and 3.10 , 3.12 gives lim k 1 − c n k s n k − x n k 0, and so lim k s n k − x n k 0.
3.17
